After four years of data taking, the IceCube neutrino telescope has detected 54 high-energy starting events (HESE, or contained-vertex events) with deposited energies above 20 TeV. They represent the first ever detection of high-energy extraterrestrial neutrinos and therefore, the first step in neutrino astronomy. In order to study the energy, flavor and isotropy of the astrophysical neutrino flux arriving at Earth, we perform different analyses of two different deposited energy intervals, [10 TeV − 10 PeV] and [60 TeV − 10 PeV]. We first consider an isotropic unbroken power-law spectrum and constrain its shape, normalization and flavor composition. Our results are in agreement with the preliminary IceCube results, although we obtain a slightly softer spectrum. We also find that current data are not sensitive to a possible neutrino-antineutrino asymmetry in the astrophysical flux. Then, we show that although a two-component power-law model leads to a slightly better fit, it does not represent a significant improvement with respect to a single powerlaw flux. Finally, we analyze the possible existence of a North-South asymmetry, hinted at by the combination of the HESE sample with the through-going muon data. If only using HESE data, the scarce statistics from the northern hemisphere does not allow us to reach any conclusive answer, which indicates that the HESE sample alone is not driving the potential North-South asymmetry.
I. INTRODUCTION
After a few years of operation, the IceCube Neutrino Observatory has provided compelling evidence for the existence of high-energy astrophysical neutrinos [1] [2] [3] [4] . While their extraterrestrial nature is established at more than 6σ confidence level (C.L.) [4] , their precise origin is still unknown. The signal remains compatible with an isotropic flux [1] [2] [3] [4] and flavor composition analyses [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] , energy spectrum fits [1-4, 7-9, 17-20] , studies of the arrival directions and possible correlations with sources [2-4, 16, 21-36] are all unable to single out the neutrino production mechanism or the cosmic source population. This discovery has triggered many different studies proposing different sources (see, e.g., Refs. [37] [38] [39] for a general discussion), from standard cosmic accelerators, such as active galactic nuclei [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] , star-forming galaxies [52] [53] [54] [55] [56] , gamma-ray bursts [57] [58] [59] [60] [61] [62] [63] [64] [65] [66] [67] , hypernova and supernova remnants [59, [66] [67] [68] [69] [70] [71] , the galactic halo [72] , galaxy clusters [73] , microquasars [74] , neutron stars mergers [75] , tidal disruption events of supermassive black holes [76] , and from a more general perspective, relating the neutrino flux to the cosmic-ray spectrum [18, 63, 69, [77] [78] [79] [80] [81] [82] [83] [84] [85] , to other more exotic possibilities [22, 28, .
Multi-messenger analyses, correlating high-energy neutrino fluxes and their γ-ray counterparts, may be able to distinguish between hadronuclear (pp) and photohadronic (pγ) cosmic-ray processes [23, 52, 55, 73, [130] [131] [132] [133] [134] [135] . Indeed, if pp sources were to explain the IceCube event spectrum, a neutrino flux softer than E −2.2 ν (or a low-energy cutoff) would be required in order to avoid overshooting the γ-ray cascade limit [52] . This is further constrained by cross correlating γ-ray sources with galaxy catalogs [132] , although it can be modestly mitigated if synchrotron losses at the source are important [55] . Another powerful tool to single out the production mechanism of high-energy neutrinos is the study of their flavor composition [15, [136] [137] [138] [139] [140] [141] [142] [143] [144] [145] [146] [147] [148] [149] [150] [151] [152] [153] [154] [155] . As these neutrinos travel over cosmic distances, oscillation probabilities are averaged out during propagation [156] and, in the standard production mechanism via pp interactions, after the decays of secondary muons and pions, the expected flavor ratio at the Earth is (ν e : ν µ : ν τ ) ⊕ = (1 : 1 : 1) ⊕ for both neutrinos and antineutrinos. On the other hand, pγ sources mainly produce positively charged pions and thus a different flavor ratio is obtained for neutrinos, (14 : 11 : 11) ⊕ , and antineutrinos, (4 : 7 : 7) ⊕ . Interestingly, this keeps the flavor ratio of the neutrino plus antineutrino flux equal to the canonical one. Departures from these canonical flavor ratios could imply non-standard production mechanisms [157] [158] [159] [160] and/or anomalous propagation effects [137, 158, [161] [162] [163] [164] [165] [166] [167] [168] [169] [170] [171] , but there could also be related to uncertainties in the detection process, as unaccounted backgrounds, systematics or misidentification of muons in the detector.
A crucial limiting factor on our present understanding of these high-energy neutrinos is the small number of observed events. In this work we focus on the 4-year IceCube high-energy starting event (HESE, also known as contained-vertex events) data [4] , currently 53 events (plus one event whose energy and direction cannot be unambiguously assigned). We follow and update our previous works [5] [6] [7] [8] , including the topological, spectral and angular information. Furthermore, following IceCube results, we have refined the background estimation concerning both atmospheric downgoing neutrinos, accounting for a precise calculation of their veto, and atmospheric muons, with a more accurate modeling of their spectrum. In addition to performing fits to an isotropic unbroken power-law spectrum, we also investigate other scenarios. We consider an isotropic power-law spectrum but allow for a neutrino-antineutrino asymmetry in the fluxes and in the flavor compositions (see also Refs. [172] [173] [174] ), which could point to a photohadronic origin, as discussed above. We also explore mixed population scenarios, as different sources could contribute to the neutrino flux and hence, could give rise to more complicated spectral features and anisotropies in the angular distribution. Therefore, as a first step in this direction, we also study an isotropic model with two unbroken power-law spectra (see also Ref. [175] ), which we compare to the single-component case, and a model such that the sources from the northern and southern hemispheres produce high-energy neutrinos characterized by different energy distributions [16] . Because a galactic component would mostly contribute to the southern hemisphere sample, this North-South model represents a simplified galactic plus extragalactic model with different spectral distributions (see also Refs. [32, 36, 176] ).
In this work, we do not include the recently-presented through-going muon sample [177] . Given the current publicly available data, these events cannot be modeled, outside the IceCube collaboration, in the same level of detail as the HESE events (e.g., the deposited energy of the muons is given in terms of a proxy, which is not precisely described in terms of a physical quantity), although such an analysis would be desirable. A HESE-only analysis is nonetheless crucial. Different data sets have different backgrounds, different types of signal and different systematics, so by studying them separately, one can understand their compatibility and be guided towards possible trends in the data, as it seems it happens. Among other conclusions, our HESE-only analysis shows that the recently hinted-at NorthSouth asymmetry [16] is driven by the through-going muons, rather than by the HESE events, for which we find no such asymmetry.
The structure of the paper is as follows. Section II contains a description of the 4-year Icecube HESE data, together with the analysis details, such as the improvements in the background calculations, the updated energy resolution and the muon track misclassification, whose strategy is also presented here. In Sec. III we analyze the typical scenario with an astrophysical neutrino flux characterized by an isotropic unbroken power-law spectrum. First, we study an isotropic neutrino flux assuming identical neutrino and antineutrino spectra. Then, we allow them to have different normalizations and flavor compositions, but a common spectral shape. Lacking any statistically significant evidence of clustering or correlations, the assumption of isotropy of the astrophysical neutrino flux is justified [4] . To conclude Sec. III, we perform a fit to the neutrino and antineutrino flavor ratios separately to allow for the possibility of an asymmetry between these two populations. Sec. IV presents the two-component analyses, restricting ourselves first to the simplest scenario, described by two isotropic neutrino fluxes with different power-law spectra. Such a description is similar to other existing approaches in the literature, but here we allow for freedom in the neutrino flux composition: if the sources possess a mixed population profile, one could naturally expect a difference in the neutrino flavor ratios. We finally allow for different North-South hemisphere populations, characterizing each of them by a single power-law and (free) neutrino flavor ratios. We compare our results with previous findings and summarize them in Sec. V.
II. 4-YEAR ICECUBE HESE DATA AND ANALYSIS
The analyses performed in this work make use of the 4-year IceCube HESE data [1] [2] [3] [4] and are based on the calculations described in Ref. [7] , with some improvements and updates, which are detailed in the subsections below. For a complete description of our approach, we refer the reader to Ref. [7] . This includes modeling of the deposited EM-equivalent energy as a function of the true neutrino energy, modeling of the effective target mass, and explicit computation of the average energy deposition rates of electromagnetic and hadronic showers, as well as of muon tracks, as a function of their energy. The calculation of neutrino propagation, attenuation and regeneration in the Earth is also described, for both astrophysical and atmospheric neutrino fluxes. In this work, in addition to the usual isotropic single power-law spectrum, we also study different models for the astrophysical neutrino flux. Below, we define the likelihoods for these models and the set of free parameters in our analyses. The results are then presented in the following two sections and summarized in Tabs. I−IV.
A. 4-year IceCube HESE data
The HESE data correspond to neutrino-like events whose first light is seen inside the fiducial volume of the IceCube detector. By excluding events that also trigger the surrounding veto region, this technique is sensitive to all sky and to all neutrino flavors with interaction vertices in the detector. After 1347 days of data taking, 54 events (17 in the fourth year alone) with electromagnetic (EM)-equivalent deposited energies in the range ∼ [20 TeV − 2 PeV] have been detected by IceCube. One of these events (already present in the 3-year sample) is a pair of coincident muon tracks whose energy and direction cannot be unambiguously assigned and is therefore not included in our analysis.
At these energies, there are two possible event topologies in the IceCube detector 1 : muon tracks and showers (electromagnetic or hadronic or both). Among the 53 events in the entire sample, 14 are muon tracks and 39 are showers. 16 of the events come from the northern hemisphere (5 tracks) and 37 from the southern hemisphere (9 tracks). We also consider another EM-equivalent deposited energy interval with a higher energy threshold, [60 TeV − 10 PeV], yielding a smaller but cleaner (low-background) sample. In this case, there are 32 events (8 tracks and 24 showers): 10 events come from the northern hemisphere (4 tracks) and 22 from the southern hemisphere (4 tracks).
B. Improvements on the calculation of the backgrounds
The two main sources of background for HESE are atmospheric muons and neutrinos, produced as secondaries in cosmic-ray interactions with the nuclei of the Earth's atmosphere. The expected number of atmospheric muon and neutrino events in the entire energy range, after 4 years of data, is N µ = 12.6 ± 5.1 and N ν = 9.0 [4] , respectively. Here, we describe the improvements on the calculation of these backgrounds with respect to our previous work [7] .
As in Ref. [7] , we consider the calculation of the conventional (mainly from π and K decays) and prompt (from charmed meson decays) atmospheric neutrino fluxes of Refs. [179] [180] [181] [182] based on the Hillas and Gaisser (HGm) cosmicray approximation [183, 184] and the hadronic model of Kimel and Mokhov (KM) [185] , with updated parameters [186] [187] [188] for the conventional flux. We use the Zatsepin and Sokolskaya cosmic-ray model (ZS) [189] and the quark-gluon string model (QGSM) [190] [191] [192] [193] for the prompt flux. These fluxes are similar, for the energies of interest, to the ones used by the IceCube collaboration [194] [195] [196] .
One of the improvements we have implemented is in the calculation of the veto for downgoing atmospheric neutrinos. The suppression of this background flux is possible by tagging muons produced in the same cosmic-ray cascade, which can trigger the muon veto of the detector [197, 198] . In this work, we have used the code provided as Supplemental Material of Ref. [198] , which computes the veto probability for conventional and prompt atmospheric neutrinos using both, the correlated muons produced by the same parent meson decay as the muon neutrino [197] and the uncorrelated muons from other branches of the cascade [198] . Whereas the correlated veto only applies to muon neutrinos, the uncorrelated veto (not incorporated in Ref. [7] ) applies to electron neutrinos too. In addition, we have updated the minimum muon energy required when reaching the detector. Instead of E th = 10 TeV [2] , we use E th = 1 TeV, which represents a much better description of the threshold [198, 199] . Finally, unlike what was done in the first IceCube analyses [2] and in Ref. [7] , we have not limited the maximum possible suppression to 90% [199] .
Another improvement is the modeling of the atmospheric muon background, which allows us to use the whole energy range, i.e., including events with EM-equivalent deposited energies as low as 10 TeV. We use the spectral information contained in the plots presented by the IceCube collaboration for the 3-year data [3] and fitted the following function:
where E is expressed in TeV, the normalization constant A 3yr is chosen so that F µ (10 TeV) = 8.4 (the predicted number of atmospheric muons in the 3-year sample), E 1 = 30 TeV, E 2 = 60 TeV, and the fitting constants are: c = 6.0, p = 1.3, q = 5.1, g = 24.8, h 0 = 27.0 and h 1 = 0.10. Thus, for a differential spectrum that asymptotes to zero for very large energies, as the atmospheric muon background,
This flux is correspondingly scaled, so that the predicted number of atmospheric muons after 4 years is N µ = 12.6 [4] .
C. Energy resolution and track misidentification
Using the extra information from the events of the fourth year, we have also updated the fit to the energy resolution function, represented by a Gaussian of width σ(E true ). As done in Ref. [7] , we assume the uncertainty on the true EM-equivalent deposited energy, E true , to be given by the error on the measured EM-equivalent deposited energy, E dep . Here we perform a one-parameter fit, within the observed energy range, using the 53 (shower and track) events detected by IceCube after 1347 days, and we obtain a dispersion σ(E true ) = 0.118 E true .
Moreover, throughout this work, we assume that 30% of the neutrino-induced muon tracks in the detector are misclassified as showers, either because the muon deposits too little energy in the detector or because it is produced near the edges and escapes detection [11] . Although atmospheric muons are usually detected as tracks, they could also undergo catastrophic energy losses and be misidentified as showers. As done in Ref. [7] , we set this misclassification fraction to 10% [3] . These are oversimplifications, as the fraction of misclassified tracks depends on the muon energy [19] . However, more detailed information is not publicly available.
D. Statistical analysis
We perform unbinned extended maximum likelihood analyses, using the energy, event topology and hemisphere of origin information of all the 53 high-energy starting events detected after 4 years of data taking in IceCube. Dropping an overall multiplicative factor, the full likelihood is given by:
where
S is the total number of observed events, N f refers to the total number of predicted events from source f and the sum runs over the four type of sources we consider: f = {astrophysical neutrinos (a), atmospheric muon events (µ), conventional atmospheric neutrinos (ν) and prompt atmospheric neutrinos (p)}. However, note that, depending on the analysis we perform, we might split the contribution of some of the sources into more than one term. We define N showers, downgoing (from the South hemisphere) showers, upgoing tracks and downgoing tracks, respectively (their sum is equal to N obs ). Each observed event i is identified by the set {E dep,i , H i , T i }, which indicate: E dep,i : EMequivalent deposited energy; H i : direction of origin ({North, South}); and T i : topology ({track, shower}). The likelihood for each event is the sum of the likelihoods for each of the possible sources and is given by
where similarly to Ref. [7] , we define the normalized probability density function (PDF) for each event i and for each source f , P f ({E dep,i , H i , T i }), as the probability distribution for an observed event with EM-equivalent deposited energy E dep,i and topology T i originated from a flux of type f of incoming neutrinos from hemisphere H i . Throughout this work, we define (each component of) the all-flavor astrophysical neutrino and antineutrino flux as
where γ H is the hemisphere-dependent spectral index and φ H is the hemisphere-dependent flux normalization, which is given in units of 10
. Therefore, the PDF of a given event i for a flux of astrophysical neutrinos coming from hemisphere H i to be produced with EM-equivalent deposited energy E dep,i , given the flavor combination at Earth {α e,Hi : α µ,Hi : α τ,Hi } ⊕ and spectrum dΦ a /dE ν , can be written as
where E min and E max are the minimum and maximum EM-equivalent deposited energies in each analysis, and the sum in the denominator goes over the three neutrino flavors, = {e, µ, τ }, the hemisphere, H ={N, S}, and the type of event topology, T = {tr, sh}. The event spectrum d (N a )
T ,H /dE dep results from the sum of all the partial contributions from different processes to topology T from neutrinos and antineutrinos (except in the case when the neutrino and antineutrino fluxes are fitted separately) of flavor from direction H (for more details, see Ref. [7] ).
Likewise, for the atmospheric backgrounds we have
where the conventional and prompt atmospheric neutrino fluxes are used to compute the event distributions, analogously to the astrophysical case. For the conventional and prompt atmospheric neutrino fluxes, the relative flavor and ν/ν contributions are fixed to the predicted theoretical flux for each case. For these background sources, the sum over flavors of the differential event spectra includes neutrinos and antineutrinos. The event distribution of atmospheric muons is modeled as discussed above. Throughout this work, and following IceCube analyses [3, 4] , we let all fitted parameters vary freely, but we impose a Gaussian prior on the atmospheric muon background, since the expected number of veto-passing muons comes from an independent measurement [2, 3] . For each of the two EM-equivalent deposited energy intervals we consider, the central values and the 1σ C.L. uncertainties we use are: N µ = 12.6 ± 5.1 for [10 TeV − 10 PeV] and N µ = 0.6 ± 0.3 for [60 TeV − 10 PeV]. We perform different type of analyses using the MultiNest nested sampling algorithm [200] [201] [202] . Where possible, we present our results as profile likelihoods (orange and purple), and use the log-likelihood ratio as the test statistic assuming it has a χ 2 distribution, to facilitate comparison with the IceCube results. However, when the number of fitted parameters becomes too large to sample efficiently, we instead present bayesian posterior distributions (blue and green). Where possible, we have verified that our 68% and 95% credible regions are in excellent agreement with the corresponding 1σ C.L. and 2σ C.L. profile likelihood contours.
For the cases where we consider the astrophysical flux to be a single isotropic power-law component, we vary all the flavor fractions (α e,⊕ and α µ,⊕ , with α τ,⊕ = 1 − α e,⊕ − α µ,⊕ ), the spectral index of the astrophysical flux (γ), and the the total number of events for all the fluxes (N a , N µ , N ν and N p ). In Ref. [7] , these fits are referred to as the "7P" fits, or "6P" fits when we set N p = 0. In addition, we also consider the possibility that the normalization and the flavor compositions of the astrophysical neutrino and antineutrino fluxes might not be the same. In order not to significantly increase the number of free parameters, we set α µ,⊕ = α τ,⊕ (and equivalently for antineutrinos,ᾱ µ,⊕ =ᾱ τ,⊕ ), which is expected from averaged neutrino oscillations, so that we have 7 free parameters {α e,⊕ ,ᾱ e,⊕ , γ, N a ,N a , N µ , N ν }, and we refer to this fit as "7P+νν". In this case, the event distributions in Eq. (6) correspond to neutrinos or antineutrinos, but not to their sum, so that the astrophysical PDF is split into two, one for neutrinos and one for antineutrinos.
Moreover, we consider the possibility of a two-component astrophysical flux. First, we consider the case of an isotropic two power-law astrophysical flux. Again, we set (α µ,s ) ⊕ = (α τ,s ) ⊕ and (α µ,h ) ⊕ = (α τ,h ) ⊕ , where the indices 's' and 'h' respectively refer to the soft and hard components. In this case, "8P+2pow", the set of free parameters is {(α e,s ) ⊕ , (α e,h ) ⊕ , γ s , γ h , N a,s , N a,h , N µ , N ν }. Finally, we also perform a fit allowing the astrophysical fluxes from the northern and southern hemispheres to be independent of each other. In this case, there is no sum over λ in the denominator of the PDF's defined in Eq. (6), but H = N or S. Likewise, we set (α µ,N ) ⊕ = (α τ,N ) ⊕ (for the northern, and equivalently for the southern hemisphere, (α µ,S ) ⊕ = (α τ,S ) ⊕ ), so that we have 8 free parameters {(α e,N ) ⊕ , (α e,S ) ⊕ , γ N , γ S , N a,N , N a,S , N µ , N ν }, and we refer to this fit as "8P+NS".
III. SINGLE POWER-LAW ANALYSIS
In this section we consider an astrophysical neutrino flux with an isotropic unbroken power-law spectrum. First, we study the case of identical neutrino and antineutrino fluxes. In Sec. III B, we allow them to have different normalizations and flavor compositions, but with the same spectral shape. Lacking statistically significant evidence of clustering or correlations, the assumption of isotropy of the astrophysical neutrino flux is justified. An all-sky clustering test yields p-value = 0.58 and a test of a possible correlation with the galactic plane, allowing its width to vary, yields p-value = 0.025 (p-value=0.07 if the width is fixed to 2.5
• ) [4] . The results of this section are summarized in Tabs. I and II, where we quote the normalization of the fluxes (φ), instead of the total number of events (N ). 
A. Isotropic power-law model
In order to compare with previous results obtained with the 3-year data sample and with the preliminary 4-year analysis of the IceCube collaboration, we first consider the simplest case, i.e., an isotropic single power-law flux, which is defined by its flavor composition, normalization and spectral index, and we assume the same properties for neutrinos and antineutrinos. As described above, we perform a 7P fit with {α e,⊕ , α µ,⊕ , γ, N a , N µ , N ν , N p } as the set of free parameters, and a 6P fit, which is identical to 7P but fixing N p = 0. The results of this section are summarized in Tab. I, where we also show the results of the 4P (same as 6P, but fixing the flavor ratio to (1 : 1 : 1) ⊕ ) and 5P (same as 6P, but setting α µ,⊕ = α τ,⊕ ) fits.
In Fig. 1 −18 GeV −1 cm −2 s −1 sr −1 . However, when a prompt atmospheric neutrino contribution is also included (7P), the best fit for the spectral index and the flux normalization is slightly larger for the [10 TeV − 10 PeV] data set, yet within the 68% C.L. regions. Note that these results point to a softer astrophysical spectrum than the 2-year and 3-year best fits [2, 3, 7, 11, 16] . They also point to a slightly softer spectrum than the preliminary results presented by the IceCube collaboration using the 4-year data, γ IC = 2.58 ± 0.25 [4] , although they are compatible within 1σ C.L. However, notice that the preliminary IceCube fit included all events in [60 TeV − 3 PeV], but not the information from the lack of events above 3 PeV. As explained in Ref. [7] , the absence of events near the Glashow resonance [205] (E ν ∼ 6.3 PeV) has implications on the best fit for the flavor composition and the spectral index, either pointing to a suppressedν e flux or to a softening of the spectrum or both. In this sense, the harder spectrum obtained by the IceCube preliminary analysis is expected. Moreover, in our analysis we allow the flavor composition to vary, whereas IceCube's analysis fixes it to the canonical (1 : 1 : 1) ⊕ . Nevertheless, we have checked that this does not have a strong impact on the shape of the spectrum (see the 4P results in Tab. I). This can be understood by comparing our 4-year and 3-year results [7] . The larger number of new low-energy events (around ∼ 100 TeV) relative to the number of high-energy events ( 200 TeV) , steepens the spectrum even further, and thus, the impact of the Glashow resonance is expected to be smaller. Yet, note that both results are compatible at 1σ C.L. with the data. On the other hand, recalling that the ν e +ν e contribution produces a larger number of HESEs than any other flavor in IceCube (cf. Fig. 12 in Ref. [7] ), a larger all-flavor normalization is necessary to explain the same total event rate with a smaller ν e +ν e relative contribution.
In Fig. 2 we show the ternary plots of the profile likelihood in flavor space for the two energy intervals we consider. The results are very similar to each other, although the ones for the entire sample (left panel), [10 TeV − 10 PeV], are slightly more constraining. With the new data, we find a best fit which indicates a slightly larger (smaller) fraction of ν µ +ν µ (ν τ +ν τ ) in the astrophysical flux than the 3-year results, but likewise with a negligible ν e +ν e component. With no new event with EM-equivalent deposited energy in the PeV range, we stress again that, assuming an isotropic single-component astrophysical neutrino flux, the lack of events above 2 PeV implies a suppressed ν e +ν e flux and a steep spectrum (or a break in the spectrum). Concurrently, the important fraction of muon tracks misclassified as showers allows for a significant astrophysical ν µ +ν µ flux. The fact that the best fit for this fraction is higher than in the 3-year analysis can be explained by the higher relative number of tracks: there are 6 new tracks out of 17 new events, whereas there were 8 tracks out of 36 events (plus one coincident event whose energy and direction cannot be reconstructed) in the 3-year data sample. In any case, the canonical (1 : 1 : 1) ⊕ flavor composition is still compatible with the data within 1σ C.L. In Fig. 3 , we show the 4-year IceCube HESE data (black dots) and the event spectra obtained with our 6P best fit (i.e., setting N p = 0) using events in the EM-equivalent deposited energy interval [60 TeV − 10 PeV]. The astrophysical signal (black histogram) and backgrounds (red and blue histograms), as well as the total (tracks plus showers) spectrum (purple histogram) are depicted. We note that the low energy data is nicely fitted and that our result is in perfect agreement with the preliminary IceCube best fit spectrum (gray histogram) below PeV energies. On the other hand, at PeV energies our best fit spectrum does not present a bump around the Glashow resonance, unlike what happens for the IceCube spectrum. Obviously, this is because (1 : 1 : 1) ⊕ is fixed in the IceCube analysis, whereas our best fit in this energy range is (0.00 : 0.40 : 0.60) ⊕ , i.e., no ν e +ν e flux and hence, zero expected Glashow resonance events. However, given the softness of the astrophysical flux, even for the IceCube best fit, the expected number of events around the Glashow resonance after 4 years is less than one.
Finally, we turn to the 7P analysis and discuss the possible contribution from prompt atmospheric neutrinos to the data. In Fig. 4 we show the 68% C.L. and 95% C.L. profile likelihood contours for the normalization of the prompt atmospheric neutrino contribution φ p , relative to the QGSM flux [190] [191] [192] [193] , versus the spectral index γ (left panel) and the normalization φ (right panel) of the astrophysical neutrino power-law flux. For the two ranges of EM-equivalent deposited energy ([10 TeV − 10 PeV] and [60 TeV − 10 PeV]), the best fit amounts to less than one event in 4 years (0.3 and 0.1), but the result of zero events is well within the 1σ C.L. region, which corresponds to a limit of ∼ 1.5 events per year in the entire energy range, in good agreement with IceCube limits 2 [16, 19, 206] . Recall that we do not impose any prior on the number of prompt atmospheric neutrino events, unlike the preliminary IceCube analysis of the 4-year data [4] , so we expect our result to be slightly less constraining. 
B. Neutrino-antineutrino model
In standard astrophysical scenarios, ultrahigh-energy neutrinos are produced by the decay of pions and kaons and secondary muons, produced by pp or pγ interactions in cosmic accelerators. These different production mechanisms give rise to different neutrino-antineutrino compositions. For instance, in pp sources the same flux of neutrinos and antineutrinos is expected, but in pγ sources the flux of neutrinos turns out to be about a factor of two larger, due to the preponderance of π + over π − production. Therefore, it is interesting to check whether the current IceCube data hints at a possible difference in the fluxes of neutrinos and antineutrinos arriving at Earth.
Without further assumptions, given the similarity of the neutrino-and antineutrino-induced event spectra, the only way to be sensitive to a neutrino-antineutrino asymmetry is by using the information provided by the observed event spectrum at deposited energies around the Glashow resonance [7, 146, 172, 173, [207] [208] [209] [210] [211] [212] . At energies around E ν 6.3 PeV, aν e interacting with an electron in the detector volume can produce a W − boson on resonance with a cross section two orders of magnitude larger than the neutrino-nucleon cross section. Therefore, noting that for ∼ 70% of this type of events (the hadronic modes of W − decay) most of the neutrino energy is deposited in the detector, ā ν e flux comparable to the ν e flux would result in an excess of events around this deposited energy. So far, the most energetic event in the 4-year HESE sample has an energy of about 2 PeV, far enough from the resonance peak that it is unlikely to be associated with it. The implications of the lack of events around this energy have already been discussed [7, 172, 173, 212] . This could be the indication of a break [7, 94] or a cutoff [18, 213] in the astrophysical neutrino spectrum at an energy of a few PeV.
In this section, we perform a fit to the 4-year HESE data to evaluate the presence of a potential neutrino-antineutrino asymmetry. Assuming the mechanism of production of neutrinos and antineutrinos to be the same, we consider only one power-law spectral index, but allow for different flavor fractions (with α µ,⊕ = α τ,⊕ andᾱ µ,⊕ =ᾱ τ,⊕ ) and different number of events produced by neutrinos and antineutrinos. As explained above, we perform a 7P+νν fit, where the set of free parameters is {α e,⊕ ,ᾱ e,⊕ , γ, N a ,N a , N µ , N ν }. The results of this section are summarized in Tab. II.
In contrast with the 6P analysis, in which the sum of neutrino and antineutrino events is fitted, we now find the number of astrophysical neutrino or antineutrino events not to be very correlated with the spectral index of the astrophysical flux (assumed to be the same for both populations). Unsurprisingly, the numbers of neutrino and antineutrino events are highly correlated between themselves, to keep the total number of events consistent with the data. This is an indication of the degeneracy in both, the normalization of the fluxes and the flavor ratios of neutrinos and antineutrinos 3 . This is shown in Fig. 5 , where we depict the 68% C.L. and 95% C.L. profile likelihood contours in the φ −φ plane for the two energy intervals. Solutions with either no astrophysical neutrino or no astrophysical antineutrino flux are allowed within 1σ C.L., even though the best fit corresponds to a neutrino-dominated flux. This implies that current data do not allow us to determine if there is an asymmetry in the neutrino-antineutrino composition of the astrophysical flux and of course, do not allow us to distinguish scenarios with different fractions of neutrinos and antineutrinos (see also Refs. [172, 173] ).
IV. TWO POWER-LAW ANALYSIS
The case of a single isotropic high-energy neutrino flux is the simplest scenario one could consider. However, different astrophysical sources are likely to contribute to the neutrino flux arriving at Earth and thus, it is also natural to consider more complicated spectral features and anisotropies in the angular distribution. As the next step, we discuss the possibility of a two-component astrophysical flux. This has already been suggested to explain the IceCube HESE spectrum, either assuming an isotropic flux and with a focus on the gap below 1 PeV [175] or considering galactic (mainly in the southern hemisphere) and extragalactic (isotropic) contributions with different (but fixed) spectra [176] , but with the same flavor composition. Here, we update and extend these analyses. Firstly, we consider an isotropic model with two components with different energy spectra and flavor compositions. Secondly, we turn to the case of a different (single) power-law flux from the northern and southern hemispheres. Unlike the plots in the previous section, we show credible regions using a bayesian analysis of our posterior distributions. We do so because for this larger parameter space, robust profile likelihoods require impractically large samples. The results of this section are summarized in Tabs. III and IV, where we also quote the normalization of the fluxes (φ), instead of the total number of events (N ). 
A. Isotropic two-power-law model
We first consider the simplest extension of an isotropic power-law flux, i.e., an isotropic flux with two powerlaw components. We vary the flavor composition (with (α µ,s ) ⊕ = (α τ,s ) ⊕ and (α µ,h ) ⊕ = (α τ,h ) ⊕ ), the power-law indices and the number of events produced by each neutrino flux component. As in the single component case, we assume the neutrino and antineutrino fluxes to be equal. As described above, we perform an 8P+2pow fit with the free parameters: {(α e,s ) ⊕ , (α e,h ) ⊕ , γ s , γ h , N a,s , N a,h , N ν , N µ }, where the indices 's' and 'h' refer to the soft and hard component, respectively. The results of this section are summarized in Tab. III.
In Fig. 6 we show the results of the 68% and 95% credible regions in the γ s −φ s (left panel) and γ h −φ h (right panel) planes. In both panels, in addition to the best fits (stars) we also show the posterior means (circles). We see that for the component that would explain the low-energy data, the best fit spectrum is very soft, (γ s ) bf = 3.50 [16, 177] . Note that also the all-flavor normalization obtained for the hard component is in agreement with the normalization of the ν µ +ν µ flux that best fits the through-going muon data. The best fit and the posterior mean of the hard component are almost identical for the [60 TeV − 10 PeV] interval.
In Fig. 7 , the posterior probability distributions of the flavor compositions of both flux components are presented. As we are assuming equal ν µ +ν µ and ν τ +ν τ fractions, we only show the results for the ν e +ν e component, for the usual energy intervals. Similarly to the single power-law analysis (6P), the case of a negligible ν e +ν e fraction turns out to be the highest probability point for both components, although the hard component is more peaked towards (α e,h ) ⊕ = 0 than the soft component, for which the distribution is flatter. Again, this is due to the lack of events around the Glashow resonance, which is more important for a hard spectrum. Thus, for an unbroken power-law spectrum, the only way of reducing the importance of the excess of events around these energies (∼ 6.3 PeV), without significantly changing the expected number of events at lower energies, is by means of aν e flux which is suppressed with respect to the ν µ +ν µ and ν τ +ν τ fluxes.
Finally, in Fig. 8 we show the 4-year IceCube HESE data (black dots) and the event spectra corresponding to the best fit in the EM-equivalent deposited energy interval [60 TeV − 10 PeV] of the two power-law model for the astrophysical neutrino flux. As in Fig. 3 , the signal (black histogram) and backgrounds (red and blue histograms), as well as the total spectrum (purple histogram) are depicted. Our best fit for the total (tracks plus showers) event spectrum turns out to be very close to the IceCube result for the single power-law model, using the EM-equivalent deposited energy interval [60 TeV − 3 PeV] and assuming (1 : 1 : 1) ⊕ (gray histogram). Again, with a suppressedν e contribution, no bump appears in our best fit around the Glashow resonance.
At this point, it is interesting to quantify if there is a statistically significant preference for the two power-law model over the single power-law, assuming isotropy. In order to do this, we compare the best fits obtained for the single power-law model with the 4P, with (α e : α µ : α τ ) ⊕ = (1 : 1 : 1) ⊕ , and 5P analyses, with (α e : α µ : α τ ) ⊕ = (α e : (1 − α e )/2 : (1 − α e )/2) ⊕ , and that obtained with the 8P+2pow analysis (see Tab. III). The values for the log-likelihood ratios and the p-values 4 corresponding to 4 and 3 degrees of freedom (dof), for the two energy intervals, are: [ 
Therefore, with only HESE data, currently it is not possible to distinguish between a single power-law astrophysical neutrino flux and a two-component flux, assuming isotropy, as the differences are at less than 1σ C.L.
B. North-South model
A recent analysis by the IceCube collaboration using different data samples [16] , including through-going track events from the northern hemisphere, concluded that there is a hint of a North-South asymmetry in the shape of the astrophysical spectrum with a 1.1σ discrepancy with respect to the isotropic single power-law model. This would be particularly interesting as it could be an indication of a galactic contribution in addition to an isotropic extragalactic flux 5 , which has already been suggested using different arguments [21, 32, 36, 80, 176] . Here, we would like to examine whether the HESE data are partly driving this asymmetry, using an extra year of data with respect to Ref. [16] . We therefore examine the statistical significance of the North-South asymmetry by using the 4-year HESE data and performing an 8P+NS analysis, where the set of free parameters is −0.29 , and both spectra are compatible at 1σ C.L., mainly due to the large uncertainty from the upgoing, northern hemisphere, events. Regardless the energy interval considered, the best fit for the southern hemisphere is very similar to what is obtained for the single power-law isotropic model (see Tab. I). This is not surprising, as the statistics are dominated by the downgoing events. Indeed, the scarce data from the northern hemisphere also explains the large allowed regions and the very small dependence on the deposited energy interval which is considered. Note that in the interval [10 TeV − 10 PeV] ([60 TeV − 10 PeV]), only 16 (10) events have been observed from the northern hemisphere. The asymmetry found in Ref. [16] is thus likely dominated by the addition of through-going muon track events, which entirely originate from the northern hemisphere. These events are well-fitted by a much harder spectrum, γ TG 2 [4, 177] . When combined with the mainly-downgoing, much softer HESE spectrum, this results in the reported asymmetry.
It is important to stress that we are not excluding the possibility of the quoted asymmetry, but trying to understand its origin. Indeed, our results for the northern sky are compatible at the 1σ C.L. with an astrophysical spectrum as hard as the one found from the analysis of the through-going track sample. The sample size is simply not large enough to make stronger claims with the HESE data set on its own. Furthermore, the asymmetry could occur in the normalization, rather than in the spectral index. Nevertheless, our results do not show either the presence of any asymmetry in this parameter.
It is also interesting to comment on the flavor composition resulting from this analysis. In the EM-equivalent deposited energy interval [10 TeV − 10 PeV] (analogous arguments can be drawn for the [60 TeV − 10 PeV] case), there are 9 track events from the southern hemisphere. However, most of them are likely produced by atmospheric muons 6 , which would imply a suppression of the ν µ +ν µ flux. Because we are fixing the ν µ +ν µ flux to be equal to the ν τ +ν τ flux, this also implies a suppressed ν τ +ν τ flux. However, the lack of events around the Glashow resonance also implies a suppressed ν e +ν e flux. These two features, along with the condition (α µ,S ) ⊕ = (α τ,S ) ⊕ , are in tension and this finally results in a significant contribution of ν e +ν e to the total astrophysical neutrino flux, (α e,S ) ⊕,bf = 0.26 and (α e,S ) ⊕,bf = 0.28 for [10 TeV − 10 PeV] and [60 TeV − 10 PeV], respectively. On the other hand, there are 5 track events from the northern hemisphere that are most likely of astrophysical origin. This implies that a significant ν µ +ν µ flux is expected and thus, an equally high ν τ +ν τ flux, resulting in a suppressed ν e +ν e flux. This indicates a small North-South asymmetry in the flavor composition, although given the statistics and the large uncertainties in the backgrounds, it is not significant at all.
V. SUMMARY
After four years of data taking, the IceCube neutrino telescope has detected 53 high-energy neutrino events with EM-equivalent deposited energies between 20 TeV and 2 PeV (plus one event whose energy and direction cannot be unambiguously reconstructed). This is a breakthrough towards our understanding of the most violent processes of the Universe and opens the door to study the most powerful cosmic sources in a completely new manner, complementary to γ-ray and cosmic-ray observations.
In previous works, we studied the flavor composition of the astrophysical neutrino flux arriving at Earth [5, 6] by performing a simplified analysis of the 2-and 3-year HESE data. We concluded that the best fit was obtained for a flavor ratio of (1 : 0 : 0) ⊕ , but remained compatible with the canonical (1 : 1 : 1) ⊕ at 2σ C.L. Nevertheless, this analysis did not include spectral or directional information, and made some simplifying approximations. More importantly, it did not include the information from the lack of events around the Glashow resonance nor the fact that, for HESE data, 30% of tracks were expected to be misclassified as showers, which was not disclosed until the publication of Ref. [11] . In Ref. [7] (see also Ref. [8] ), we performed a spectral analysis of the 3-year HESE data where the flavor composition of the astrophysical neutrino flux, its spectral index and normalization, along with the number of background events were left free to vary and where we also considered the misclassification of tracks as showers and the implications of the non-detection of events above 2 PeV. This analysis improved upon previous ones in the literature where either the flavor composition was held fixed [2, 3, 17, 20] or the backgrounds were not allowed to vary [9] . It reached different conclusions to the ones in Refs. [5, 6] regarding the flavor composition, with a best fit for ν τ +ν τ dominance and with (1 : 1 : 1) ⊕ compatible with data at 1σ C.L. These results are mainly explained by considering a larger deposited energy interval which includes the Glashow resonance and a proper treatment of track misidentification. These findings were later confirmed [11, 16] .
In this work, we have studied the IceCube HESE sample with an extra year of data, which includes 17 new events. We have refined and updated our previous analyses in a number of ways. Namely, we have improved the calculation of the veto for downgoing atmospheric neutrinos and the modeling of the atmospheric muon background (Sec. II B), the calculation of the energy resolution has also been revised (Sec. II C) and a number of different possible scenarios has been scrutinized (Sec. II D for a description of the likelihoods), including the usual isotropic unbroken power-law spectrum, the possibility of a neutrino-antineutrino asymmetry, two-component fluxes and a North-South model. All the fits have been performed using the detected events in two EM-equivalent deposited energy intervals: one with the usual lower limit quoted by the IceCube collaboration, but with a higher upper limit than in some IceCube analyses, [60 TeV − 10 PeV], and a second one using the entire data sample, [10 TeV − 10 PeV]. Our results are given numerically in Tabs. I−IV and can be summarized as follows:
• In Sec. III A, we have first considered the simplest scenario for the astrophysical neutrino flux, i.e., an isotropic unbroken power-law spectrum, and we have updated the results with 4 years of HESE data. The additional events at low energies and the non-detection of events in the PeV range result in a softer spectrum than what the 3-year data suggested, in agreement with the preliminary IceCube analysis [4] . We also find a weaker dependence on the energy interval, plausibly due to increased statistics filling in for previous fluctuations. The canonical (1 : 1 : 1) ⊕ flavor ratio provides a very good fit to the event spectrum, although the best fit still implies a paucity of ν e +ν e . The flavor composition is correlated with the shape of the spectrum and any model that lowers the expected flux around the Glashow resonance, such as a break in the power law at a few PeV, could move the best fit back towards (1 : 1 : 1) ⊕ [7, 16] . Finally, we have also included a possible contribution from a prompt atmospheric neutrino component, but we obtain a result compatible with zero events and a limit in good agreement with IceCube results [16, 19, 206] .
• In Sec. III B we have evaluated the possibility of a neutrino-antineutrino asymmetry, which could naturally occur in sources where high-energy neutrinos are produced via the interaction of cosmic-rays with the radiation background field (via pγ processes). Over a wide range of energies, the neutrino-induced event spectrum is very similar in shape to the antineutrino-induced one. However, at energies E ν ∼ 6.3 PeV, around the Glashow resonance (ν e + e − → W − ), theν e -induced event spectrum might present a bump. The spectrum in the PeV range can thus potentially highlight differences between ν andν fluxes. In practice, the fact that all the events in the HESE sample have energies below the Glashow resonance means that the determination of a possible neutrino-antineutrino symmetry is very challenging, as noted in previous studies [172, 173] .
• Next, in Sec. IV, we have considered a two-component astrophysical neutrino flux with two distinct models.
We have studied an isotropic model with two unbroken power-law spectra (Sec. IV A) and concluded that it does not significantly improve the fit to the data over a single power-law flux. Then, we have also considered a model with different spectra and flavor ratios in each hemisphere of origin (Sec. IV B), and evaluated the possible existence of a North-South asymmetry. While there is a hint of such an asymmetry in the astrophysical neutrino flux when also using the through-going muon data [16] , the low upgoing HESE event rate prevents such a determination using only HESE data.
Despite only a few tens of observed events, the IceCube detection of extraterrestrial high-energy neutrinos provides a unique window to explore cosmic accelerators and neutrino propagation. The possibility of testing standard and more exotic physics with these neutrinos is very exciting and much work has been devoted to these purposes. As the statistics accumulate, we anticipate a more accurate determination of the flux and thus, of the underlying production mechanisms and propagation properties, as well as the possible connection with other cosmic messengers, as γ-rays and cosmic-rays. Larger effective volumes and sensitivities of future neutrino observatories [214, 215] will be of crucial relevance, bringing us closer to establishing the origin and nature of the high-energy neutrinos in the Universe.
